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Chapter X. Lapse-Rate Derivation Part 4. We continue with our derivation of the Reversible Saturated

Adiabatic Lapse Rate (RSALR). We left off in our last chapter with the following summary table.

Term 1 Term 2 Term 3 Term 4

Original | ¢, dT _Rdp, LR, de, Ldr,

Terms T dp p, dp e, dp T dp
Worked | ¢, dT __ R, nhdr rnl, dT g+n, el dT 1 1l
Out T dp p—e T dp T dp p-e JRT dp p-e T

dT
The next step is to separate out the d_ components. We go back to our aim to find a formula of the

form

P

a£+b=0

dp

. . dT b dT .
in order to obtain — = ——. We separate the — terms from the rest in our work table below.

dp a dp
Work Table
T %dl R, dp, nrR de lLdr, __ dI
a£+b Tdp p,dp e dp Tdp dp
Term 1 Term 2 Term 3 Term 4
Original | ¢, dT R, dp, _ILR, de, Ldr,
Terms T dp p, dp e, dp T dp
Worked C_pd_T _ R, ’”vlvﬂ _”vlvﬂ E+r, eslvz dT_ 1 rl
Out T dp p—e, T dp T? dp p—e JRT dp p—e T
c rl rl e+r, el
a Terms 2 — i ——
T T T p—e JRT
R, 1 =l
b Terms None - None - e
p—es p_es T
a:C_p rV—lzv—rV—l;Jr E+r, eslvz3 ho_ R, 3 1 rv_lv
r 177 T p—e, JRT p—-e p—e T
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We find a nice cancellation of two termsin a.

a=SeifErniel o R 1 sk
' \(p-e )RT p—-e p-e T
We can now write our derivative d—T = —é.
dp
c 2 R 1
d—T:—— with a:—”Jrues—lV3 and b=——X" ——rV—lV,
dp a I' \(p—e )RT p—e p-e T
3 R, 3 1 rl R, 1 i
ar _ b _ dar _ p—espeT _ d_ epeT
dp a dp ¢ [ &+n el’ dp + &+r, | el
T |p-e JRT RT®
1 (R +rvlvj
dl _ p—e, T
dp Cl+ e+r, | el’
T \p-e JRT’

Remember that ¢, =c,, +r,c,, +7c,

dT
Step D. Multiply — by —— =
P ply dp y pE

dT dT dp
=—— using ——
dz dp dz

rm

dp

. The hydrostatic equation

dp

. Later we will substitute it in.

pg . The last step is to find the reversible adiabatic moist lapse rate

=—pg is needed at this point. But what is the
Z

density p . We need to proceed cautiously since water droplets are present and the ideal gas idea
does not apply there. The air parcel consists of dry air, water vapor, and water droplets.

We first start with the definition of the density. The density is mass divided by volume. Take the vol-
ume of an air parcel containing dry air, vapor, and water droplets to be V' . The respective masses of
the dry air, vapor, and liquid droplets are m,, m , and m, . The density is then given by the total mass

divided by the volume.

_mytm, oy

7

Michael J. Ruiz, Creative Commons Attribution-NonCommercial 4.0 International License



m,
Factor out —=.
V

m,+m, +m m m
=—4—— 1 = p=—(my+m+m) => p=—|l+—L+-
4 V m, m,
. . . , m,
Now introduce the mixing ratios r, = and r, =—.
my my

m, m, m, m,
=—4| 1+—=2+—= => =—%(1+r +r

The factor % is the density of the dry air p, .

p=%(1+n+n) = p=p,(l+r,+1)

The total pressure is given by the sum of the pressures of dry air and vapor. The liquid water droplets
do not add to the pressure.

p=p,te
So far we have not used the ideal gas law. However, we can now do so for the dry air and vapor.
Pa = PR,T e=pRT

We insert these into the equation for the total pressure: p=p,+e => p=p,RT+p RT .

R R
Use ¢ =—Z£ in the form of R, =—% to eliminate R, .

&

v

p:dedT+lOvRvT => pzdedT+pv&T
&

R R
Factorout p,: p=p,RT+p,—LT => p:pd(RdT+ Py _dTJ'

g

Ps &
p:pd[RdT_FpV &T] => p:dedT(l_i_p" lJ
Pi € Pa &
Note that the mixing ratio », =—= is also 7, = b
m, P
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p= dedT(H by lj => p= dedT(l+QJ
Pa € &

Yo
I+7,+r

From p=p, (1+r,+7) we have p, =

p:dedT(l+ij > p=—1>r RdT(lJrr—Vj
£ l+7 +r g

Solve for the density p.

I+r +7
P=q £ RdT(1+QJ => (1+rv+r)p=deT(l+ij => p:—( 1)
1 £ P RdT£1+rV
£
p (+r+7
p:RT( rl)
7
&
I+r +
Combining d—pz—pg and p=L L results in
dz RdT1 ’
_l’_i
&
d_p_ Ll""’v""?
dz  RT .7
£
Summary.
! (Rd+rvlvj
dT _ p-—e, r dp __ p l+n+7
= 5 _———
dp ¢, [e+n el | | RT
T \p-e JRT’ 3
)
Rd
r - 4r_ dldp_ | p-e, T )|l __p len+r
- dz dp dz G [ &+ el’ RT | .1
T | p-e JRT’ €
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