Theoretical Physics
Prof. Ruiz, UNC Asheville, doctorphys on YouTube
Chapter F Notes. "Let There Be Light"

F1. The Wave Equation

A function f(x) is shown with a peak at f(0). Denote this by writing f(0) = peak . If
we shift this function to the right by a distance d , then the new function /(x) must be
h(x) = f(x—d). Here is how you can check this rule. Is the peak now at x =d ? Does
h(d) = peak ? We check this below the figure.

y

d |
(x) f(x-d)
AN AN

f(0)=peak and h(x)=f(x—d)
h(d)=f(d—-d)= f(0) = peak

2 — — It checks out. Do you
T remember doing this often
15— Cos X ~in trigonometry? If you shift
1 — — the cosine by 7/2 to the
/\ right, you get the sine.
0.5 — 7
0 . T
Z sin x = cos(x ——)
-0s - 2
-1 — —  The above relation also tells
15— _you that the sine of an
Wikimedia Commons ~ angle in a right ftriangle
2 — ' : — equals the cosine of its

2n Gmf2 oom w2 0 w2 m 3n2 2n complement.
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Since f(x—d) is our shifted function to the right by a distance d , we can let

d =Vt to obtain a traveling function to the right. Let's search for a differential equation
for this function, i.e., we want a differential equation such that our traveling wave

f(x —VI) is the solution. Common practice is to use ¥ for a wave. So we write

du _q du
W(x,t) = f(x—vt) defining U= x=Vt. Notethat 5~ ~* and 57~ V.

Then we take derivatives in our quest for the "magic" differential wave equation,
Oy (x1) _ f x=vt) _ 9f w) _df ) du _ df w) | _ df )
0x 0x 0x du ox du du

dy(x,t) _of (x—vt) _df (w) _ df (u) du _ df () (=
ot ot ot du ot du

).

We can now put together the following differential equation from the above. We find

oW (x,t) :_law(x,t) | oW, (x,1) :_lawR(x,t)
ox y or andwrie ox % ot ’

adding the subscript R for "Right" to emphasize that this wave is traveling down the x
axis in the positive direction.

But for the wave traveling to the left, we must have the same equation with the velocity
in the negative direction. This reverses the sign in front of v since u in that case would
be u = x + vt with f(u) = f(x+vt).

oy, (x,1) _ +l oy, (x,1)
ox % o

This is not acceptable because now we have two differential equations and there is
nothing special about right or left. We want a differential equation where the sign does
not matter. So we proceed to the second derivative.
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We start with

W(x,t)=f(x—=vt) and u=x—vt,

dy(x,1) _ df (u) Iy (x0) __ df ()
0x du 2™ ot du

and take the second derivatives with respect to x and t.

’w(x,t) 0 df(w) d’fw)ou d’f(u)
x>  Ox du  du’® ox  du’

Oy (x.t) 0 [_v df(u)} _ @ ou_ L dfw)
or’ ot du du®> ot du® -

This leads to

9’ (x,1) _1 9°w(x,1)
ox” v: ot

Note that when you square plus or minus v that you get positive v squared. This
differential equation applies to waves moving to the left or to the right. This is the wave
equation in one dimension. The general solution is a combination of a wave moving
right and one moving left:

W(x,t)=Af (x—vt)+ Bg(x+vt)
For the wave equation in three dimensions where ¥ =¥ (X, Y, Z,t)  we have

Oy dy dy _1dy

x> 9y’ 972 v of
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With the del operator \Y% , we can write this very elegantly. First note that since

V=i?+i}+ilz
ox dy  dz
we have
vov=| 2 20 0| L 25 2
ox dy’ 0z X  dy Z
2 2 2
V-V:az+az+a2
ox~ dy- 0z

We make the shorthand definition
Vi=V.V

2
The symbol V7 is also called the Laplacian operator.

So

dw Jw v 1y
+ + =—
ox>  dy> dz° v’ or

can be neatly written as

_ 1oy
v: oo’

Vy

You can remember where the v goes from dimensional analysis. Since distance equals
velocity times time, your velocity has to go with the time t. Since we have the second
derivative, think of distance as being squared and time as being squared. So you need
the velocity squared.
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F2. "Let There Be Light." Watch the video for a discussion of the variations below.

ustom T-Shirts
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And Maxwell sabd, lot thore be

V. E
-

VuE

‘=Q|1-_~.

a5
a8
V8 = wpuJ+ pﬂzu%’.—ﬂ

and ffien there was light.

e —

B

Photo Courtesy www.cafepress.com

Free Space Equations For the free space

Maxwell equations

- p -
V-E:€— V-E=0 we are far away
N ’ N from any charge
V.-B=0 V-B=0 sources and
. . ts. Thus, we
N . 3E . dE curren ,
Vx B = 1, J + 1€, = Vx B = i€, = |
t _0
. N P and
- B - aB -
Vsz—a— VxE=—— J=0.
ot ot
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The free-space equations have beautiful symmetry and contain the secret about light.
We play with these equations to see if a wave equation is supported. This is an example
of theoretical physics at its best. We are in search of a discovery using theory only.

We are in search for a second order differential equation so we go for a second
derivative with respect to time.

Vo e OE
Take a derivative of the equation XB = Hy&y g with respect to time.
0 - 3’ E
—(VXB) =&, —
ot 070 572
vy 9B _ e 0°E
or 0" o’
0B VB = OB
Now it's time to use the Maxwell equation with the g ,i.e., (VXE)= —g ,
JB -
— =—-VXE
ot -

Substituting this into our last equation gives us

—

— 82
VX(—VXE) :IUOEO?

-
Vx(VxE):—,uoeoaa—E

t2
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Let's focus on Y X(V X E) . We do this by first calculating the curl of E .

ik
fozé) Jd d

ox dy 0z

E. E E,
Then

Vx(VxE):

Let's do the x-component first.

~O0E. OE, ~OE OE. +JE OE
=i(———) - j(=——5) +k( =)
dy 0dz ox 0z ox dy
9 9 9
ox dy 0z
0E, JE, OE 0E JE, OE
dy dz dz dx dx Ody
_ oE
VX(VXE) = J %, 9E | 9 E—E}
dy| dx dy | dz| dz  ox

VX(VXE). =

2

E, 9°E, 0°E, JE,

dyox 9y’

3 +
0z 0z0x

Flip the order of the derivatives for the first and last term to obtain

VX(VXE). =

2

E, 9°E, 0’E, JE,

dxdy 9y’

2 + .
0z 0x07
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- ’E 2 2 2
VX(VXE) = y+aEZ—a€x—a€x
oxdy dxdz dy 0z
. aE 2 2
VX(VXE), = il +aEZ 9 sz 9 F;x
ox| dy 0z dy 0z

’E, J’E,
We now add to the right side zero in the form of A o FYERE
X X

gt oE 2 2 2
VX(VXE)x: a|:aEx+ y aEzi|_aEx_a Ex_a Ex

ox| dx  dy * 0z ox> 9y 97" -

VX(VXE). =%[V-E’]—V2Ex

Note that we have discovered the following powerful identity:
VX(VXE)=V(V-E)-V’E
But V- E =0 infree space. Therefore:

VX(VXE) =-V’E.

There is nothing special about the x-direction. So the complete vector equation is

— 5 —
VX(VXE)=—=V"E  consistent also from our above identity.

Putting it all to together, our equation

- J°E — J0°E
VX(VXE) :—,UOEO? becomes V'E = K€ 32
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2

—

2 _
Voila! Compare this equation VE= Ho& at2 to the wave equation

azl/l(x,t) 1 o l//(x 1)

It is the wave equation for the electric field W|th = M€

1
M€,

values for Ky and €, ? He found a value close to the then known value of the speed of

light. This was in 1861. He concluded that light was an electromagnetic phenomenon.
We will summarize our results below replacing the speed with the speed of light symbol.

Guess what Maxwell found for the speed v when he put in the numerical

—

0°E 1
VzE C=—F——
/uo at , Where :uogo .
Therefore,
- 1 90°E
VE=—
c? o’

For homework, you are going to derive the same equation, but with the magnetic field
replacing the electric field. It will be fast because you will be coaxed to use the powerful
identity we derived, thus taking a shortcut.

- 32B
V’B=ue, ——
0™~0 at2 ;
1
. . C=——
Once again we find )
9 M€,

F3. Electromagnetic Waves

Michael J. Ruiz, Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License



The axes at the left are defined with the usual association
/.\ A A
of the unit vectors I, J, and kK with X, Y, and Z

respectively. Note also that we have a right-handed system
with
N N N
ixj=k.
— A
y For E=E, Sin[k(Z_Ct)]i , you will show for

— — A
homework that B is along the Y axis with B = B, sin [k(Z —Ct)] J ,i.e., in phase

%
with £ .
- }' L
‘B/". - - i L) ¥ ". - - ’ i ¥ ". - - Z
Courtesy P.wormer, Wikimedia
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